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Abstract
In this note, we prove the boundary Ho¨lder regularity for the infinity Laplace
equation under a proper geometric condition. This geometric condition is
quite general, and the exterior cone condition, the Reifenberg flat domains,
and the corkscrew domains (including the non-tangentially accessible do-
mains) are special cases. The key idea, following [3], is that the strong
maximum principle and the scaling invariance imply the boundary Ho¨lder
regularity.
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In this note, we prove the boundary Ho¨lder regularity for the infinity
Laplace equation: {
∆∞u = uiujuij = 0 in Ω;
u = g on ∂Ω,
(0.1)
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where Ω ⊂ Rn is a bounded domain, ui = ∂u/∂xi, uij = ∂
2u/∂xi∂xj and the
Einstein summation convention is used.
The following boundary regularity are well known. If g ∈ C0,1(∂Ω) (i.e.,
g is Lipschitz continuous on ∂Ω), u ∈ C0,1(Ω¯) (i.e., u is Lipschitz continuous
on Ω¯). In addition, if g ∈ C0(∂Ω), u ∈ C0(Ω¯). It should be noted that both
results hold without any geometric condition on ∂Ω.
It is natural to study the boundary Ho¨lder regularity, i.e., whether g ∈
Cα(∂Ω) implies u ∈ Cα(Ω¯). This is the aim of this note. To the authors’
knowledge, our result is the first one contributing to the boundary Ho¨lder
regularity.
In this note, we obtain the boundary Ho¨lder regularity for the solutions
of(0.1) under a proper geometric condition on ∂Ω. The idea and the method
originate from [3]. As pointed out in [3], this geometric condition is quite
general and the exterior cone condition, the Reifenberg flat domains, and the
corkscrew domains (including the non-tangentially accessible domains) are
special cases. The main idea is that the strong maximum principle implies a
decay for the solution, then a scaling argument leads to the Ho¨lder regularity.
The following is the geometric condition under which we prove the bound-
ary Ho¨lder regularity.
Definition 0.1. (Uniform condition) Let Ω ⊂ Rn be a bounded domain
and x0 ∈ ∂Ω. We say that Ω satisfies the uniform condition at x0 if the
following holds: there exist constants 0 < τ1 < τ2 < 1, 0 < ν < 1 and a
positive sequence {rk}
∞
k=0 such that
τ1rk−1 ≤ rk ≤ τ2rk−1, ∀ k ≥ 1, (0.2)
and for any k ≥ 0, there exists yk ∈ ∂B(x0, rk) such that
∂B(x0, rk) ∩ B(yk, νrk) ⊂ Ω
c. (0.3)
We say that g is Cα at x0 ∈ Ω¯ or g ∈ C
α(x0) if there exists a constant K
such that
|g(x)− g(x0)| ≤ K|x− x0|
α, ∀ x ∈ Ω¯.
Then denote [g]Cα(x0) = infK.
Our main result is the following.
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Theorem 0.2. Suppose that Ω satisfies the uniform condition at 0 ∈ ∂Ω
with r0 = 1. Let u be a viscosity solution of{
∆∞u = 0 in Ω ∩ B1;
u = g on ∂Ω ∩ B1,
where g ∈ Cα(0).
Then u is Cβ at 0 and
|u(x)− u(0)| ≤ 8|x|β
(
‖u‖L∞(Ω∩B1) + [g]Cα(0)
)
, ∀x ∈ Ω ∩ B1, (0.4)
where 0 < β ≤ α depends only on n, τ1, τ2 and ν.
The proof of Theorem 0.2 depends on the solvability and the strong max-
imum principle for the infinity Laplace equation, which are already known.
The following lemma shows the solvability (see Theorem 5.21 in [2]).
Lemma 0.3. For any g ∈ C0,1(∂Ω), there exists a unique viscosity solution
u ∈ C0,1(Ω¯) to {
∆∞u = 0 in Ω;
u = g on ∂Ω.
The strong maximum principle can be derived easily from the following
Harnack inequality (see Theorem 2.21 in [2] or Proposition 6.3 in [1]).
Lemma 0.4. Let u ≥ 0 be a viscosity solution of
∆∞u = 0 in B1.
Then
sup
B1/2
u ≤ 3 inf
B1/2
u.
Remark 0.5. Obviously, the Harnack inequality implies the strong maximum
principle. Hence, for the solution u of(0.1), we have
sup
Ω′
u ≤ (1− µ) sup
Ω
u,
where Ω′ ⊂⊂ Ω and µ depends only on Ω,Ω′ and g.
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Let 0 < ν < 1 be as in the uniform condition. Then we choose and fix a
function gν ∈ C
∞(∂B1) with 0 ≤ gν ≤ 1 and
gν(x) ≡
{
0 on ∂B1 ∩ B(e1, ν/2);
1 on ∂B1\B(e1, ν),
(0.5)
where e1 = (1, 0, 0, ..., 0). Next, introduce functions gk (k ≥ 0) with
gk(x) ≡
{
0 on ∂Brk ∩ B(yk, νrk/2);
1 on ∂Brk\B(yk, νrk)
(0.6)
and
gk(rk · Tkx) ≡ gν(x) on ∂B1 (0.7)
for some orthogonal matrix Tk. Here {rk} and {yk} are as in the uniform
condition. From the strong maximum principle, we have the following simple
result.
Lemma 0.6. Let v be a viscosity solution of{
∆∞v = 0 in Brk ;
v = agk + b on ∂Brk ,
where a, b > 0.
Then
sup
Brk+1
v ≤ (1− µ)a+ b,
where 0 < µ < 1 depends only on n, τ2 and ν.
Proof. Let y = T Tk x/rk such that gν(y) = gk(x). Let
w(y) =
v(x)− b
a
.
Then w satisfies {
∆∞w = 0 in B1;
w = gν on ∂B1.
Then by the strong maximum principle (see Lemma 0.4)
sup
Bτ2
w ≤ (1− µ),
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where 0 < µ < 1 depends only on n, τ2 and gν . Note that gν depends only
on ν. Hence, µ depends only on n, τ2 and ν. By rescaling,
sup
Brk+1
v ≤ sup
Bτ2rk
v ≤ (1− µ)a+ b.
Now we give the
Proof of Theorem 0.2. We assume that g(0) = 0. Otherwise, we may
consider v = u− g(0). Let M = ‖u‖L∞(Ω∩B1) + [g]Cα(0) and Ωr = Ω ∩Br. To
prove(0.4), we only need to prove the following:
There exists a constant 0 < β ≤ α depending only on n, τ1, τ2 and ν such
that
τβ1 ≥
1
2
(0.8)
and for all k ≥ 0,
‖u‖L∞(Ωrk ) ≤ 4Mr
β
k . (0.9)
Indeed, suppose that(0.8) and(0.9) hold. Then for any x ∈ Ω∩B1, there
exists k such that rk+1 ≤ |x| ≤ rk. Hence,
|u(x)| ≤ 4Mrβk ≤
4Mrβk+1
τβ1
≤ 8M |x|β.
We prove(0.9) by induction. For k = 0, it holds clearly. Suppose that it
holds for k, then we need to prove that it holds for k + 1.
By Lemma 0.3, there exists a unique viscosity solution v of{
∆∞v = 0 in Brk ;
v = g˜ on ∂Brk ,
where g˜ = (4Mrβk −Mr
α
k )gk +Mr
α
k . Then it is easy to check that
−v ≤ u ≤ v on ∂Ωrk .
Then by the comparison principle (see [2, Theorem 5.22]),
− v ≤ u ≤ v in Ωrk . (0.10)
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From Lemma 0.6, we have
sup
Brk+1
v ≤ (1− µ)
(
4Mrβk −Mr
α
k
)
+Mrαk
= (1− µ)4Mrβk + µMr
β
k
≤ 4Mrβk+1
(
1− µ
τβ1
+
µ
4τβ1
)
,
where 0 < µ < 1 depends only on n, τ2 and ν.
Take β small enough such that(0.8) holds and
1− µ
τβ1
< 1−
µ
2
.
Hence,
sup
Brk+1
v ≤ 4Mrβk+1.
Then, combining with(0.10), we have
‖u‖L∞(Ωrk+1) ≤ 4Mr
β
k+1.
By induction, the proof is completed.
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